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Targeting in chaotic scattering
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We consider a Hamiltonian system model with an orbit that is stabilized on an unstable periodic orbit
embedded in an unstable chaotic set. We then attempt by means of a small control to target a position outside
the original chaotic invariant set. This work illustrates how this can be accomplished using the example of the
chaotic scattering set resulting from billiard-type motion in the presence of three hard circular disks.
[S1063-651%98)08605-X

PACS numbd(s): 05.45+4+b

I. INTRODUCTION ISEE-3, then renamed ICE, was transferred to a heliocentric
orbit on December 22, 1983. As planned, ICE traversed the
tail of comet Giacobini-Zinner on September 11, 1986, and
The inherent eXponential SenSitiVity of chaotic time eVO'a|SO approached the comet Ha”ey in late March 1986, be-
lutions to perturbations is the hallmark of chaotic systemscoming the first spacecraft to directly investigate two comets
This sensitivity can be exploited in direct trajectories to somg11]. wWe emphasize that the existence of the successful orbit
desired final state by the use of a carefully chosen sequengg 3 result of the instability of the L1 parked location, and of
of small perturbations to some control parameféisThese  the inherent instability caused by the chaotic character of the
perturbations can be so small that they do not significantlyestricted three body problem: the spacecraft motion in the
change the system dynamics, but enable the intrinsic systeftesence of the Earth and the moon.
dynamics to drive the trajectory to the desired final state. |n the present paper, motivated by the ICE achievement,
This process has been calleafgeting Targeting in chaotic e consider a paradigmatic situation of targeting. Our goal is
dynamical systems has received much attention in recenf, oyide a targeting method that can be applied to a Hamil-
years[2-9]. Since in chaofic systems S"?a” 'pert'urbanqnstonian system initially stabilized on an unstable periodic or-
eventually produce large effects, the objective is to flndbit embedded in a chaotic set. For our system, the chaotic set
methods that allow one to decide when and howjudicioush{S a hyperbolic chaotic saddle, in which cas;e we find that
chosen perturbations should be applied in order to aChieV%rgeting can be very fast and éfficiently achieved.

the desired effect. Since hyperbolic Hamiltonian chaotic sets have been ex-

In this area, one significant result was achieved with th'%ensively studied in the context of a chaotic scattering, our
spacecraft International Cometary Explof6ZE) [10]. The method will be shown in that context

spacecraft International Sun-Earth Explore(SEE-3 was This article is organized as follows. In the next subsection

'a“F‘Ched on August 12, .1978' W.'th th_e purpose of investi, e briefly review the concepts concerning chaotic scattering.
gating t_he solar-terrestrial relationship at the outermos n the subsequent subsection we situate our method in rela-
bo_un_darles of the_Earth's magnetosphere: It was parked "N 3bn to other known methods. A model problem of a chaotic
elliptical halo orbit about the Lagrange libration point L1 ’

where it continuously monitored changes in the near-Eartr?Catterlng is introduced in Sec. Il. Our targeting method is

interplanetary medium(Dynamically, L1 is an unstable described in Sec. lll. The results _from applying it to the_
. L L . ._proposed examples are presented in Sec. IV. A general dis-
fixed point in the Earth-moon system in a rotating frame INCussion is given in Sec. V
which the Earth and moon are stationarin 1982 it was C
suggested that this spacecraft could be used to explore the
comet Halley and the newly discovered Giacobini-Zinner
comet, which were both then entering the solar system. How- As discussed below, chaotic scattering is characterized by
ever, there was only a relatively small amount of propellant‘sensitive dependence” of output variables that characterize
in the spacecraft, and it was not initially clear that this wouldthe particle trajectory after the scattering to small changes in
be sufficient. Nevertheless, a feasible orbit was eventuallyn input variable that characterizes the trajectory before scat-
found. A maneuver was conducted on June 10, 1982, to raering [12]. This phenomenon has received much attention
move the spacecraft from the parked orbit around the Lbecause many fundamental physical situations are of this
point and place it in a transfer orbit involving a series oftype [3,13—17. In general, scattering refers to a situation
passages around the Earth and the moon. After fifteen smalthere the system motion is initially simple, then enters a
propulsive maneuvers and five lunar flybys, the spacecraficattering region where the motion can be more complicated,
and then leaves the scattering region, again resuming simple

A. Targeting

B. Chaotic scattering

motion [18].
*Also at the Laboratdo de Integraao e Testes, Instituto Nacio- We say that the scattering functidne., the output as a
nal de Pesquisas EspaciaifNPE), Brazil. Electronic address: function of the inpukis singularat a particular value of the
emacau@glue.umd.edu input variable if any interval containing that input value pro-
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duces output variable values in a nonzero range that does nohemical reactions are usually made of a sequence of inter-
approach zero as the size of the input interval approachesediate complexes of a finite average lifetif3@]. A target
zero. Thus two inputs that aabitrarily closeto a singular method can be used to accelerate the speed of reactions or
value can produce very different outputs. When the set oftabilize intermediate results.
singular input variables is uncountable, and occurs on a Can- Next we address the issue of the applicability of previous
tor set, we call the situation chaotic scattering, and we sageveloped target method to the situation of chaotic scatter-
that there is sensitive dependence of the output to smaihg.
changes in the input.

The dynamics of scattering in a hyperbolic chaotic situa- C. Targeting in chaotic scattering
tion can be explained by the existence of a saddle chaotic

invariant sef{19], formed by the intersection of its stable and

unstable manifolds, where the stable and unstable manifold? St.e”(]j to tiny pk)elrtur?:jlttlons to trapldl_y direct a systdem tg z
each consist of a Cantor set of roughly parallel surfaces esired accessible state, 1.e., targeting, was introduced by

When a particle enters a scattering region close to the stabfanorotet al. [9]. In their work they described a method of
manifold, it stays near the saddle chaotic set for some timd@rgeting that conceptually can be applied to any chaotic sys-
and then escapes following a path close to the unstable marf€M- This method is as follows: consider, in the phase space,
fold. The closer it initially is to the stable manifold, the more & small regiorrs around a source poirt and another small
time it spends in the scattering region. If the initial conditionregionr around the target poirit The objective is to find a
of the particle is precisely on the stable manifold, the particlePoint ps interior tor s that belongs to a trajectory in the phase
stays in the scattering region forever, and small deviationspace that goes fropy to a pointp;, which is interior tor, .
from this situation can lead to wild variations of the output To find ps, the regiorr is iterated in the forward direction,
[12,16,19-23 while the regiorr, is iterated in the backward direction until
One fundamental aspect of chaotic invariant sets is thahese iterated regions intersect each other in the phase space.
they are typically permeated by an infinite dense set of unWhen the intersection is found, the regionsandr, are
stable periodic orbits. Here we consider an orbit that is stapartitioned and the partitions, which implied, after the itera-
bilized on one of these unstable periodic orbits. We use aftions, the intersection, are identified. This process is repeated
terwards the term parked’ to describe this situation. In with partitions progressively small, until the determination of
particular, we envision that the system has somehow beeps andp;. The pointps is then used to determine the value
brought to the vicinity of the desired parking orbit, which is of the perturbation that must be applied to the system to
then stabilized by application of a small control, as in thedirect it tops. As the system is ipg, it will evolve follow-
method proposed by Lai, Tel, and Grebpg;j8]. After being  ing its own dynamics until it reaches .
maintained in this unstable orbit, we assume that it becomes While this method works very well for dissipative sys-
desirable to target some particular region of phase spactems, in general it is not suitable for chaotic scattering. Cha-
This scenario was, in fact, carried out, as we have alreadgtic scattering is a situation of transient chaos, where the
mentioned, by the ISEE-3 spacecraft in achieving its encounchaotic set is nonattractive, and, so, almost all initial condi-
ter with the comets Giacobini-Zinner and Halley. The re-tions escape from the chaotic set except for a set of measure
verse scenario, where we are interested in steering a trajezero. To apply the Shinbrot method what is really iterated is
tory from outside a scattering region to one of the previouslya set of discrete points that represent the partition of the
mentioned unstable periodic orbits, will also be consideredegion around the source and the target points. However, as
here. these points are iterated, almost all of them escape from the
These scenarios appear in many significant applicationshaotic region. So, to find an eventual intersection of iterated
In celestial mechanics, besides the guidance of a spacecragtgions, the points that represent the partition of the region
nearby two heavy bodies that are moving in Keppler ellipsesiround the source and targeting must be continuously rede-
around their center of magsestricted three body problem fined, to keep their iterations inside the scattering region. In
[24,25, Petit and Haon[17] investigated an interesting situ- fact, the accomplishment of this job requires an elaborate
ation. They analyzed the case of two small bodies movingand computationally intensive procedU®l]. As the num-
around a very heavy mass. When close encounters happenbar of iterations is increased, for forward iterations, only
complicated motion can take place, in a situation that can bpoints continuously close to the stable manifold will stay
described by chaotic scattering. Consequently we can envigaside the scattering region; for backward iterations, only
age the use of a targeting method to guide these satellitepoints close to the unstable manifold will stay inside the
Analogously, in particle accelerators, electromagnetic wavecattering region. Furthermore, suppose that this process was
generators, and plasma physics, chaotic scattering happensdarried out and, as a result, the intersection of two iterated
many situations as a result of the interaction between chargegions was found. Shinbrot's method applies a procedure of
particles and electromagnetic fielf26,27. After the inter-  successive approximations to the solution by using a pro-
action, a target method can be used to direct the trajectory afressively small partition of the interval around source and
the particles to a specific region of the space. Also, chaotitarget points. If the eventual solution is located very near the
scattering happens in many chemical reacti®829. Even  stable manifold, what will happen is that between any two
the simplest case of the reaction between two atoms boundgmbints of the partition, no matter how close to each other
in a molecule with a third atom can be considered as a threthey are, the system will present a very high sensitive depen-
body problem, where small differences in the interactiongdence on initial conditions. This means that getting the solu-
between them imply different results. Furthermore, thetion point by using this process of successive approximations

The idea of using the exponential sensitivity of a chaotic
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will be very difficult. The fact is that although this method Disk C
can work in some situations, in general it will not work prop- z\d
erly, besides the intensive calculation required to implement
it.

For chaotic Hamiltonian systems, Leti al.[7] proposed a Parked
method that can be used to stabilize trajectories in the neigh Orbi
borhood of some desired unstable periodic oftgontrol of L\
chaos”) by using small perturbation. In subsequent work, pisk c—x\
Lai et al. [8] showed that the same method could be applied !
to a situation of chaotic scattering, even for nonhyperbolic
chaotic scattering, where Kolmogorov-Arnold-Moser sur-
faces coexist with chaotic invariant sets. However, the au-
thors stressed that the major problem about control of chaotic
scattering was to bring the trajectories inside the regiony
where their method of control could be appliéttontrol- L
lable region”). This is because the chaotic set is nonattrac-  * =0 s=2/3
tive so there is just a finite probability that a trajectory that t = cos(d)
starts from a random chosen initial condition in the phase !F——
space gets inside the “controllable” region. Thus, the con- b
trol of chaotic scattering can only be efficient if it operates [ lf/3 73 1
connected with a targeting method. P

In general, targeting in chaotic Hamiltonian systems is not ™!
easy to accomplish. Besides the coexistence of interwoven ,
chaotic and quasiperiodic regions, the phase space is divided F'C- 1. Geometry of the problem. The disks are located at the
into layered components that are separated from each oth}é?mces of an equilateral triangle with sitle P is the pomt to be
by Cantori[32]. Typically, a trajectory initialized in one targeted.s and ¢ are related to the surface of section that was

: . . defined for the problem.

layer of the chaotic region wanders in that layer for a long
period of time before it crosses the Cantori and wanders iy an unstable periodic orbit trajectories that come from out-
the next layer. Bollt and Meiss proposed a method of targetside the scattering region.
ing that can work even if source and target are located in The method takes explicit advantage of the sensitive de-
different layers. They use the fact that long trajectories in gendence on initial conditions. It finds, from an ensemble of
compact phase space are recurrent. Thus, they first identifytgajectories that departs from the targeting point and heads to
“slow” orbit that reaches the small region around the target.the scattering region, the trajectory that passes closest to the
Then, in this orbit they identify all the recurrent “loops.” unstable periodic orbit. Then, by using time reversal symme-
Using small perturbation, they try to find patches that skiptry, this trajectory is used as a reference trajectory in order to
the recurrent loops. This method, usually, significantly re-construct, by using small perturbation, a solution trajectory
duces the transport time, as they exemplify by using it to findhat departs from the unstable periodic orbit and goes to the
a “chaotic Earth-moon transfer orbit that requires 38% lesgarget region.
total velocity boost than a comparable Hohman transfer or- | the following sections we introduce an example of the
bit” [5]. chaotic scattering set resulting from billiard type motion in

In a situation of chaotic scattering this method could bethe presence of three hard circular disks, describe our
applied if finding a “slow” orbit that goes from the source method, show how it can be applied to the proposed ex-
point to the desired region around the target point were easample, and present the results.
In fact, finding such an orbit is very difficult and computa-
tionally intensive because the chaotic set is nonattractive Il. THE MODEL PROBLEM
[31], and almost all initial conditions escape from the scat-
tering region, except a set of measure zero. For the same We consider the two-dimensional billiard model that is
reason, it is even more difficult to find a long orbit that goesschematically shown in Fig. 1. This system has been exten-
from the source to the target. Thus, this method would not beively studied 13,16,18,23,3B and consists of three circular
appropriate in chaotic scattering cases. hard disks, each of radil&, whose centers are located on the

In this paper we introduce a targeting method that is sigvertices of an equilateral triangle, of side lengtk 2R. Par-
nificantly different from the ones previously mentioned. It ticles move in straight lines between perfectly elastic colli-
was envisaged for the situation of hyperbolic chaotic scattersions with the disks, and with the angle of incidence equal to
ing. The goal is to use a small perturbation to drive a trajecthe angle of reflection at each collision.
tory from an unstable periodic orbit located inside the scat- We consider this system with the following parameters:
tering region to a target point outside the scattering region. IfR=1.8,L=4.0, and the circles located at the vertices of the
fact, as the systems that we are interested in have time ré¢riangle whose coordinates are (0,0), (#33, and (4,0).
versal symmetry, the trajectory that goes from the unstabl&urthermore, we consider a particle initially bouncing be-
periodic orbit to an outside point can be used in the backtween disksC; and C, along the unstable periodic orbit
ward direction. Thus, our method can be used in associatiolocated on the segment of the line joining the centers of these
with Lai's method of control of chaos to drive and stabilize circles, as shown in Fig. 1. We say that the particle is ini-

P(xy)
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tially “parked” on this orbit. Our objective is to target, from  p
this unstable orbit, a poin® located outside the three-disk Tv
region. That is, by applyingmall perturbing controls we ‘1;7
wish to direct the motion of the particle so that it hits the ~
point P. For our example, we arbitrarily choo$eto be at A
the position (8.0,4.0).
In what follows we find it convenient to introduce a sur- Stable - =
face of section that corresponds to the surfaces of the threManifold
disks. We parametrize the location of a point on the surface
of section by an arclength varialde The arclength variable
s is measured in the counterclockwise sense, starting in eac
disk in the position corresponding to the point of the lgast
coordinate. It is defined such that teenterval [0,1/3] be-
longs to the first disk|, 1/3,2/3 to the second, and/3,1] to
the third disk(see Fig. 1 (Thus, for examples increasing
from 1/3 to 2/3 takes a point initially located at the position
labeled 1/3 in Fig. 1 and moves it counterclockwise around
disk C, until it comes back to the starting point st 1/3.) FIG. 2. Two trajectories that come close to each other.
Furthermore, we also introdude=cos¢, where ¢ is the . . . : :
. " . as resulting from a small impulsive thrust applied at the time
angle between the incident direction at impact and the for-_; .
. of impact)
ward (counterclockwisgtangent.

) . . . Starting atP we randomly choose a large number of ini-
Using this coordinate system, we will denoteibgne map tial trajectory angles. We set a numhbérand retain those
that transforms the pointsf,t,), associated with theth ! y angies.

- : . : . initial angles that lead to trajectories; (t;) that escape from
collision of a particle with a disk, to the poins{; 1,th+1), : . . :
: . - : . . the scattering region afté& or more bounces with the disks.
associated with the next collision with a disk, i.e., For N reasonably large the initial poins{.t,) of such an
f: (sh,tn)—(Snt1.th+1). [The inset in Fig. 1 shows the y larg P 1

(s.1) surface of sectiofiNote that for someg(t) the subse- ort_)lt is !ocated near the stable manifdld9]. From these
quent orbit never again collides with a disk. In that case Wetrajectorles, we select the one that comes closest to one of the

. . . ; surface of section parked orbit poin®,; or C,. Let N,
say thatf(s,t) is undefined. When this occurs we think of =N denote the number of bounces of this selected trajectory

the orbit as having escaped from the scattering region. Also . : o .
note that there are discontinuities in the map at the position '.th th‘? d|sks,.ands{i ti) fori=r, =N denote the point of
is trajectory in the surface of section that comes closest to

s=0,1/3,2/3,1. . ) : .
Poonet al.[33] have numerically estimated the stable andf[he Paf"?d orbit. If we take this selected trajectory and obtain
unstable manifold of this map and concluded that the invari-ItS time inverse we have_: what we shall call theeference
ant chaotic set is hyperbolic. Dires al. [21,27] have gotten trajectory. That is, a trajectory that comes near the parked
L . A orbit, and escapes from the scattering region by following a
similar results in an analogous situation. We represent a tra- :

jectory that starts at a poinA and afterm subsequent path_that_passes thr_ougfh (Recall that to get the points of
bounces, hits a poir as a sequence oh points 6y .t,) the time inverse trajectory in the surface of section we re-

[l 1:41)»

(Sy.15)....(Sw.ts) in the surface of section, where, place eacht; by —t;, and reverse the time sequence of the

. oints)
=C0S ¢; . Because of the time reversal symmetry, we have a : .
. e The reference trajectory, represented in the surface of sec
associated “inverse” trajectory that starts Bitand goes to

. . L R . tion, is a sequence of ordered poinss,(;). If we imagine a
A, defln(,ed also,bym points (Sl’t_l)’ (S2.12).-- (S ), particle following this trajectory, gy ,ty ) represents the last
where t;=cos¢/. These coordinates are related . . Lo .

S , ) o ) bounce of the particle with the disks before the particle es-
follows: s;=Sm, Sy=Sm-1,---»Sy=S51;, 1=—1tn, t3

. capes from the scattering region, following a trajectory that
=—tn_1,...,t;;=—1;. The latter relation holds because the P g red g J y

e N passes throughP. The point of this trajectory that comes
angle’ in the backward direction is related to the angle  ¢josest 1o the parked orbit in the surface of section is denoted
at the same positiors by ¢'=m— ¢, and thus cosf’) (s, ,t, ) with r,=N,—r, +1. We denote by €, ,t, ),
=—Cos(@). mm xx

Unstable
Manifold

wheretu*=cos¢u*, the point on the parked orbit that is
nearest the points(m,t,m) of the reference trajectoryThus
Ill. TARGETING (su, tu,) is eitherCy; or Cyz ]

Let Cy, with coordinates §,;,t,;), Wheret,;=cos¢,; The general situation of two orbits that come close to one
=0, be the point of the parked unstable periodic orbit locatedinother is depicted in Fig. 2, where an arbitrary surface of
on the diskC;, and letCy,, with coordinates §,,,t,), section was defined. There we can see the trajectdriasd
wheret,,=cos¢,,=0, be the point of the parked unstable Y;, which have the pointX; andY) as the respective posi-
periodic orbit located on the dis€,. Our aim is to find a tion where the orbits come closest to each other.

“small” perturbation & so that if this number is added to  For a hyperbolic situation, associated to each point on the
b1 Or (exclusive to ¢,,, the particle leaves the unstable invariant set there is a stable and an unstable manifold. We

periodic orbit, bounceBl, times with the disks, and eventu- introduce at the positiorY,., a small perturbation3e,
ally hits the target poinP. (Mechanically we can think of  whereeg is a unit vector in the direction of the perturbation
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; of period two, and thats(u*,tu*) is the position of the parked
orbit in the surface of section that is closest to the reference

jn g+d orbit, we can find out if the perturbatidhis to be applied at
+"s/ b j-nucui(sui'tui) the point 6y1,ty1) or (Sy2.ty2). Let us call this point
. {7 (sup,tup), Wheretupzcos¢up. In the same way, ife{rm,t,m) is
the point of the reference trajectory closest m*(tu*), the

Stable

_ Unstable point where the perturbatiof shall be applied is locatenl
Manifold:.. = 1

Manifold iterations away in the forward direction. We call this point
. (srp,trp), wheretrp=cos¢rp.

As previously stated we take the initial perturbation of the
parked orbit to be applied in the anglas if it were gotten
from an impulsive propellant maneuyefhe equation to be
solved is then

f”U[sup,cos(f/;uer5)]=f’”S[srp,c03¢rp+,3)], (2
FIG. 3. Targeting method, solving faf and B8 the following

equation:f™u(X; ., +8es) =1~ "(Yy,n + Bep). where we have written the map function &s,t). The val-

ues chosen for the parametersandng have a direct effect
(see Fig. 3, and iterate this perturbed point times back- on the order of magnitude af and 8. In general, as seen in
ward in time. This will typically generate a nearby trajectory the next section, larger, andng lead to solutions of E¢(2)
that will deviate progressively from the original trajectory at with smaller values of the perturbatiodsand S.
each backward iteration, expanding away frénalong the Equation(2) can be solved fo$ and 8 by the Newton-
direction of the stable manifold at the points on the oibit secant method. Let us cali{,ts) the point in the surface of
[4,5]. (We assume that the direction of the small perturbatiorsection where the perturbed trajectories intersect each other.
deﬁ is not precisely such that it has no component in theThgrefore, if we cqnsider a particle parkgd on the unstable
stable direction).We also introduce a small perturbati%a,; periodic orb|t,_and '.f we apply a.perturbatl_o.?wto the angle
to the orbitX at the timej —n, wheree; is a unit vector in whe.n the .partlcle hits the circle in the pf)s'tmhp(’F“p)' the
the direction of the perturbatiofsee Fig. 3 and iterate this Particle will escape from the parked orbit, and will approach
perturbed point forward in time, iterates. This will typi- the dlrectlc_m of the stable _manlfold_of the points at the ref-
cally generate a nearby trajectory that will deviate progreserence trajectory by following a trajectotshat we call the
sively from the original trajectory at each forward iteration, Solution trajectory, such that aftem, bounces with the
expanding away fronX along the direction of the unstable disks, it will be at the pointg,ts); after ng more bounces
manifold at the points on the orbk [4,5]. Consider that we the trajectory will be at the poirits, ,cosg +pB)]; for sub-

can find values of the small perturbatiofsnd 3 that solve ~ Sequent bounces, the particle will closely follow the refer-

the equation ence trajectory, and so will escape from the scattering region
passing close to the target poinat
fnu(xjfnu'l'geﬁ)zf_ns(Yk+nS+Beﬁ)- (1) We can predict the total humber of bounces with the

disks, previously defined ayg, that the solution trajectory
. . will have. The point §;,t) is in fact very close to the point
T_h's 'means that wg have fgund a shadow trajectory that 4h the surface of section where the parked orbit and the ref-
time j —n, has a point that i$f away fromX;_, and atns  grence trajectory come closest to each other. After this point,
+n, forward iterations in time is @ distance from the point the solution trajectory comes very close to the reference tra-
Y+ n, Of the trajectoryY. Thus the numbers, andns must jectory so that both of them have the same number of hits
satisfyn,=<N, —k andn,<j. [Note that, since, is not nec- with the disks. By construction, one particle that follows the

essarily aligned with the stable manifold , forward reference trajectory, starting at the poisi ¢;) for i=rp,
y &g Yo, hasN,—r, hits with the disks before leaving the scattering

iterates ofY\., + Beg (if they exish are expected to diverge region and passes through the target p&inTherefore, the
from the trajectoryY.] We will initially be interested in the total number of hits with the disks of the solution trajectory
case where we associate the traject¥rywith the parked Ng can be forecasted by the following equation:

orbit and the trajectory with a trajectory that goes through

P, i.e., the reference trajectory. In that case, for srf?aﬂnd
N,—(k+ng)=0, a sufficiently small perturbation of the In Eq. (3), n,, as a parameter, has its value assigned

parked orbit to the poink;_, + Je; will yield an orbit that  pefore we start to follow the targeting procedure. However,
approaches the reference trajectory by following the directhe values oN, andr ,, are just known during the execution
tion of the stable manifold at the points of the referenceof the targeting procedure. This is so because these numbers
trajectory, and thus comes close to the pdint are associated with a trajectalithe reference trajectoryhat

The application of this method to our problem is straight-is picked as the one that comes closest to the parked orbit
forward. Choosingn, (the number of iterations in the for- from a set of trajectories that start frof with randomly
ward direction, from the fact that the parked orbit is periodic chosen departure angles. The only constraints that we know

Ng=n,+(N;—rp). (3
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in advance for these parameters are ffhiatan be any num-

ber equal to or greater thay, while r,, can be any number
between 1 andN,. So, by following our procedure we can
target the pointP, but we can not fulfill, in general, the
requested goal of targeting the poltwith a desirednum-

ber N, of bounces with the disks.

However, we can change the procedure to carry out this@
goal: in the process of finding a reference trajectory from ag
set of trajectories that depart frofhwith a randomly chosen -
departure angle, we select the one that escapes from the sc

tering region afteexactly Nbounces with the disks and that

1

08

086

0.4

02

0

02

-0.4

ELBERT E. N. MACAU

e R

o e M3 n
O e

o o Aot s

AT T i pe
e B TV ‘.‘f’"‘_.:.;;,-_-_ ' XY

0 2

<—parked

otbit

ey RN

comn &,

W YL

T

LG 1)
sl

o o

i

-
-onantt®

parked—>
otbit

. gend PETNT, 0.

LI 4 e

v an o Entand T

R

o B

o~ 4T
RE S

.o wﬂ""—' T .
BRI,
o

1w

B v e

e

RPSIL
s, o
o B

Tew e

comes closesin its middle pointto one of the surface of
section parked orbit poin€,; or C,,. By restricting our
choosing criteria, we impose a determination over the values
of N, andr,.

Introducing these changes to our previous procedure, we
have areference trajectoryhat hasN,=N bounces with the
disks, and which the poinss(,t;) for i=r,=N/2+1 or (ex-
clusive i=r,,=N/2 is the one of the trajectory that comes
closest to the surface of section parked orbit points. Usinghe following values for the perturbationss=0.91869
these values of,, in Eq. (3) we have %1073 and 8=0.57543< 10" 3.

Applying this value ofé to the parked orbit, we have a
trajectory that is shown in Fig. 7. The trajectory passes
) ) 0.385x 10 2 away from the target, after 12 bounces with the
Equation(4) allows us to assign a proper value fdr for a  gjsks, inside the scattering region. So, we fulfill our goal.
fixed value of the parametex;, , in order to imply a solution We can understand exactly how the method works by
trajectory that has a specified number of bounces with th@nalyzing the “error curve,” i.e., the difference between the
disks. _ _ solution trajectory and the reference trajectory in their way

In the next section we will analyze the results that Wethrough the scattering region. The initial point of this curve
obtained by using this method. is taken immediately after the application of the perturbation
6. We consider this curve as it appears in our surface of
section. So, the curve will be depicted as an ordered se-
quence of pointsg; ,t;), where each point will represent the

As an example, we set the goal that we want to target théifference between the solution trajectory and the reference

point P from the “parked” orbitC,; — C,, previously speci- trajectory in each hit with the disks.
fied by using a small perturbatiof such that the solution The error curves appear in FigsaBand 8b), for a spe-

; N ; . cific case whereng=5, n,=5, andN=22. In the former
trajectory has at most 1N=12) bounces with the disks. figure we have the error in the coordinate, while in the

In order to apply our targeting procedure we first need tolatter we have the error in thiecoordinate. In both curves

assign values tdl, and to the parameters, andng. Guided . : . .
~ , the abscissas represent the successive sequence of hits with
by Eq.(4) for Ns=12, we decided to usi=15 andn,=5.  ihe disks.

For the parameteng we used the valua;=5.

The next step is to find the reference trajectory, which is a
trajectory that ha®\ bounces with the disks, and which the
point (s; ,t;) fori=r,=N/2+1 or(exclusivg i=r,,=N/2is 5
the one of the trajectories that comes closest to the surface ¢
section parked orbit points. Using the method that we have 4
described in the previous section, we got the scenario tha
can be seen in Fig. 4. This figure shows in the surface of 3
section previously defined the middle point of the trajectories
that depart fromP, and have the desired number bf
bounces inside the scattering region. In this figure the posi-
tion of the parked orbit is also shown. In fact, this figure can '
be considered as an approximate representation of the invar
ant sef{19]. 0

Figure 5 shows the reference trajectory. We verify that it
really passes very close to the parked orbit, which is locatec ™[
between the disk€; and C,, on the line connecting their :
centers. -2 -1 0 1 2 3 4 5 6 7 8

In Fig. 6 we have the evolution of the Newton-secant
method in solving Eq(2) for the problem. We have gotten
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FIG. 5. Reference trajectory.
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FIG. 6. Findings and 5 by using the Newton-secant method. FIG. 8.V curve: error between the reference trajectory and the

solution trajectoryja) in s; (b) in t.

The shape of these curves is, in general, the same, inde-
pendent of the values of,, ny, andN: the difference be- curve is of the last bounces with the disks, the closer the
tween the solution trajectory and the reference trajectory desolution trajectory will be from the desired target poft
creases exponentially until a minimum point; after this point, The position of the minimum can be shifted to the right by
the behavior changes, and the difference between thosgcreasing the value of either, or ng. However, the value
curves increases exponentially. So, we haveVashaped” ng has a superior limit. Remembering E@), the 8 pertur-
curve. What happens is that, because of our targeting procgation is to be applied in the surface of sectiqrpoints after
dure, the solution trajectory comes exponentially close to thene position where the reference trajectory and the parked
reference trajectory, following the stable manifold of the ref-orbit come closest to each other. This point is located in the
erence trajectory. The position of maximum proxinfityini-  reference trajectory, as we have already sal2 or N/2
mum distancgis exactly the point of the reference trajectory — 1 positions in the surface of section before the trajectory
used to calculate thg perturbation, according to ER). In  |eaves the scattering region. $Q cannot be greater than
Fig. 8, this point appears with abscissast ns=10. After  these values. In Fig. 9 we have a typical behavior of the
this point, we will have a situation of two trajectories that aredistance from the solution trajectory to the targetnasand
initially close to one another. As the system is chaotic, then  are increased. As expected, we have a decreasing curve.
distance between the trajectories will increase exponentially, |n addition to implying trajectories that pass successively
as expected. closer to the target point, increasing the valuespfindng

This V-shaped curve is important because it suggests howas another effect. This effect can be seen in the graphic that
we can choose the values f andns for an usual problem is showed in Fig. 10: the value of the perturbatiérthat
where we want to target a poift through a trajectory that must be used to solve the problem decreases whengwee

has no more than a specified number of bounces inside thacreased(The same behavior happens f®as a function of
scattering region: the closer the minimum of t¥eshaped

I
2 3 4 5 6 7 8 9 10

n_=n
s u

FIG. 9. The distance from the solution trajectory to the target
FIG. 7. Solution trajectory. point as the parametersg andn, are changed.
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FIG. 10. Perturbatiod used to get the solution trajectory as the  FIG. 11.V curve: error between the reference trajectory and the
parameten, is changed. solution trajectory when the target algorithm is used once, two

. times, and three times$a) in s; (b) in t.
ng.) In fact, for largeN, after some values af,, typically we « b)

have for the solution of Eq2) values ofé such that the ratio that need to be applied to get the target péist can be seen

gre‘;\gfsegfma:dnittzzeunF:;:gﬁﬁgnaS]%lemlgcﬁigt\:c(z:uorraéhreein Fig. 12, the use of our targeting method several times
9 9 Y- produces another important result. Consider a situation

We can overcome th|§ problem by using our tar_getlnthere there are nonideal effects as noise, state measurement
method several times. This can be done in a very straightfor-

ward way by successively applying B@ to other points of error, and an imperfect determination of the system param-

: : Lo eters. If we try to get the targeting by applying the target
Fhe reference trajectory. Thgs, consider a situation wl}?re method just once, the influence of these nonideal effects will
is large enough compared witly. Then, we apply our origi-

| method and find &. value. Using thiss il h be to increase the value of the minimum of tleshaped
tna_ m;a Otha?l In tlhva uel; dsmg't ' dlwe Wi have a curve. As a consequence, the error between the solution tra-
rajectory that leaves e parked orbit and approaches a mlr”'ctory and the reference trajectory can be so large that the

mum dist'ance re lated to the reference trajectory. Let us cag,)  tion trajectory passes far from the target point. By tar-
this SOIUIt'On tr_aJeEctozry L. At.jmy pci'gttot];]g"s tra:Je(k:)totr.y we ggting several times, although the effgct qf increasing the
can apply again E¢2), considering tha 2 perurbation i um level of theV-shaped curve is still present, the

wil bef app|lﬁd at .th's (;]hoz(;an point, Wh'Chlm |ter|a_1t|8nsl procedure becomes strikingly more robust. This is because at
avx;ay r?zm t2e point w.der hwaﬁ prewoubsy app !ﬁb' N each time the perturbation is applied we have a kind of tra-
soiving & 9.(2). we consider that the pe_rtur atigih wilt be jectory correction that keeps the solution in the direction of
f’ipp"‘?d in a point of the fef‘?rence trajectory _that Is a1s0 e target. In Fig. 13 we have a typical curve, where we can
iterations away from the point that was previously used t0sge that the targeting procedure works well even for a noise

calculate;. Using this procedure, we have a solution tra- ¢ siangard deviation equal to 18 Note that this is a high
jectory 2. This procedure can be applied as many times as

the length of the reference trajectory allows. The solution |
will be a union of partial solutions, which means that specific
perturbation will need to be applied in specific points of the
solution trajectory. 10
Figure 11 shows the result of the application of this pro-
cedure. There we compare the effect of applying the target-
ing procedure once, twice, and three times. In all cases the *
first 6 is applied in accordance with our original targeting
procedure, i.e., in one of the points of the unstable parkece 1o
orbit. After the application of the firs$, other 8, when used,
are appliedng positions spaced from each other in the solu-
tion trajectory as it appears in the surface of section. The
overall effect of the utilization of severad's is to move the
minimum point of theV-shaped curve further away. It means 1~
that the solution trajectory continues to approach the refer-
ence trajectory, until the minimum point. Also, if we com-

10°

107 I 1 I 1 L I

pare this minimum value with the one that happens when the ™ o 2 a 6 3 10 12 14
target procedure is applied just once, the former is typically a e
few order of magnitude smaller than the latter. FIG. 12. Values of the perturbation®s when the target algo-

In addition to increasing the value of the perturbationsrithm is applied more than once.
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point as the noise level is increased. the reference trajectory to the parked orbit points over the distance
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level of noise for the case of chaotic scattering, where W%n an unstable periodic orbit embedded in a hyperbolic cha-
have an extremely high sensitivity to small chan@bs per- P yp

turbations that are applied to steer the solution are typicall)(/) tic Invariant set. i
3 As general characteristics of our method we can say the
of 10 )_' . . . following:

The final issue that must be addressed is concerning the (i) The method is robust enough to deal with nonideal
guantification of the distance in the surface of section be'effects(noise, state measurement error, and an imperfect de-
tween the middle point of the reference trajectory and thgermination of the system parameters
parked orbit so that our targeting method works. This ques- (") The method is flexible enough to be adapted to gen-
tion is relevant because the reference trajectory is found bgral situations involving orbits parked in an unstable orbit.
using a set of random selected trajectories that depart from (jii ) The perturbation that must be applied to get the target
the target point®. Figure 14 shows how the distance from position can be adjusted inside a broad range of values.
the middle point of the reference trajectory to the parked Furthermore, the method also works in the reverse situa-
orbit points affects the distance from the solution trajectorytion where we want to target an unstable periodic orbit lo-
to the target poinP. From this figure, which is typical, we cated inside the chaotic scattering region departing from any
can see that after a well defined limit of proximitgbout point outside the scattering region. Thus, we can use it in
10~%), using reference trajectories closer to the parked orbigssociation with the Lai method of control of chaos to cap-

appears to have no Signiﬁcant effect in improving the prox_ture in perIOdIC orbits any parti-Cle sent |nthe direction of the

noisy environment, because the target method can be used to
drive trajectories back to the stabilized orbit whenever a
V. CONCLUSION noise takes them out from the periodic orbit.
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